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Preface

“...yoyum varo gudham anupravisto,
naanyam thasman Nachiketa vrinithe.”
(“...Nachiketa does not choose any other boon but
[learning about] that of which Knowledge is hidden.”)

Katho Upanishad, Verse /29.

~
. . D
During the past decade or so, theoretical astrophysics has emerged as one of the )
most active research areas in physics. This advance has also been reflectéd inthe
greater interdisciplinary nature of research that is being carried out in this area in
the recent years. As a result, those who are learning theoretical astr sies with
the aim of making a research career in this subject need to assimil%n> erable
amount of concepts and techniques, in different areas of astroph‘}gsiqs/; Jin a short
period of time. Every area of theoretical astrophysics, of coﬁr'saflfnﬁs excellent
textbooks that allow the reader to master that particular aﬁe\%ﬁ{%‘well-deﬁned
way. Most of these textbooks, however, are written in a traditionalstyle, focussing
on one area of astrophysics (say stellar evolution, gal‘aiéffig\d namics, radiative
processes, cosmology etc.) Because different authors have different perspectives
regarding their subject matter it is not very easy<for g;étudent to understand
the key unifying principles behind several diffc ‘g\ggstrophysical phenomena
by studying a plethora of separate textbooks, \tl:ig do not link up together as
a series of core books in theoretical astrop &covering everything which a
student would need. A few books, which‘do cover the whole of astrophysics,
deal with the subject at a rather elementary. “first course”) level.

What we require is clearly somethi. o analogous to the famous Landau-—
Lifshitz course in theoretical physics, but focussed to the subject of theoretical
astrophysics at a fairly advanced level. In such a course, all the key physical
concepts (e.g., radiative processes, fluid mechanics, plasma physics, etc.) can be

XV
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Xvi Preface

presented from a unified perspective and then applied to different astrophysical
situations.

This book is the first of a set of three volumes that are intended to do exactly
that. They form one single coherent unit of study through the use of which a
student can acquire mastery over all the traditional astrophysical topics. What is
more, these volumes emphasise the unity of concepts and techniques in different
branches of astrophysics. The interrelationship among different areas and com-
mon features in the analysis of different theoretical problems will be stressed
throughout. Because many of the basic techniques need to be developed only
once, it is possible to achieve a significant economy of presentation and crispness
of style in these volumes.

Needless to say, there are some basic “boundary conditions” one has to respect
in such an attempt to cover the whole of Theoretical Astrophysics in approxi-
mately 3 x 580 pages. Not much space is available to describe the nuances in
greater length or to fill in the details of algebra. For example, I have made con-
scious choices as to which parts of the algebra can be left to the reader and
which need to be worked out explicitly in the text, and I have omitted a detailed
discussion of elementary concepts and derivations. However, I do not expect the - \
reader to know anything about astrophysics. All astrophysical concepts are de- \
veloped ab initio in these volumes. The approach used in these three volumesix
similar to that used by Gengis Khan, namely, (1) cover as much area as possible;
(2) capture the important points, and (3) be utterly ruthless! 7\ )

To cut out as much repetition as possible, the bulk of the physical prlgmﬁles
are presented at one go in Vol. I and are applied in the other tw Volﬁmes/ to
different situations. This implies that there will be a lot of p but’ very
little of “concrete” astrophysics in Vol. I; that comes in Vol. II (Sﬁ.ﬂ'S\ Stellar
Systems) and Vol. III (Extragalactic Astronomy and Cosmo pgy% The criteria
for the selection of material for Vol. I have been the following Any physical
principle that finds application in more than one chapter Qf % II or Vol. III
(for example, bremsstrahlung, Voigt profile, etc.) is discussed in Vol. I. Certain
topics that are used in only a specific chapter in Vol. If/or\Vo III are discussed
in situ rather than in Vol. I. (2) By and large, everythlng discussed in Vol. T will
be utilized directly somewhere in Vols. II and III‘ rare occasion, I do cover
a topic in Vol. I even if it is not fully utilized 1 Vol. I or Vol. III because a
reader who is going to work in theoretical astrophysics will eventually need an
understanding of that particular topic. (3) t<€\&cg;hree volumes concentrate on
theoretical aspects. Observation and ph nology are, of course, discussed
in Vols. IT and I1I to the extent necessary%&‘ ake the motivation clear. However,
I do not have the space to discuss how \ge observations are made, the errors,
reliability, etc., of the observations or the astronomical techniques. (Maybe there
should be a fourth volume describing observational astrophysics!)

The target audience for this three-volume work will be fairly large and is made
up of (1) students in the first year of their Ph.D. Program in theoretical physics,
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astronomy, astrophysics, and cosmology; (2) research workers in various fields of
theoretical astrophysics, cosmology, etc.; and (3) teachers of graduate courses in
theoretical astrophysics, cosmology and related subjects. In fact, anyone working
in or interested in some area of astronomy or astrophysics will find something
useful in these volumes. They are also designed in such a way that parts of the
material can be used in modular form to suit the requirements of different people
and different courses.

Let me briefly highlight the features which are specific to Vol. I. The reader of
Vol. I is assumed to have done basic courses in classical mechanics, nonrelativis-
tic quantum mechanics, and classical electromagnetic theory. Of the 12 chapters
in Vol. I, the first one is a broad-brush overview of physical principles in an order-
of-magnitude manner and is intended to set the stage. [ expect the reader to survey
this chapter rapidly but to come back to it periodically at later stages. This chapter
is probably the easiest or the most difficult, depending on one’s background and
aptitude. It is easy in the sense that very little sophisticated mathematics is used;
difficult because it takes a high level of maturity to appreciate some of the phys-
ical arguments that are presented. Chapters 2 (Dynamics), 3 (Special Relativity,

Electrodynamics, and Optics), and 5 (Statistical Mechanics) cover the ground P
\/\\\

aim is to introduce powerful techniques in familiar contexts so that the reader ca&\

the reader may already be familiar with — but from an advanced perspective. The !

learn and appreciate them. For example, no apologies are made for 1ntrodu<;1

four-vector notation up front or dealing with distribution functions right Qom )

the beginning, so as to get the main results as quickly as possible. The aﬁphams
throughout is on topics relevant in astrophysics, such as the reduced three- bﬁdy
problem, action-angle variables, diffraction and interference, fc?%si@tems
propagation in random media, ionisation equilibria, etc. Chapter 44d ith the
basics of radiation theory — both classical and quantum — that i is (Leyelpped from
scratch and the reader is not assumed to be familiar with qu. tuh%ﬁeld theory.

Chapters 612 develop the toolkit for astrophysics in a selgaﬁned manner,
virtually ab initio. Chapters 6 (Radiative Processes) and 8 (Fluid' Méchanics) are
fairly exhaustive and detailed. The short chapter on Spectra (Chap. 7) covers
general material that is of astronomical relevance; more}spﬁcxﬁc aspects will be
dealt with in Vols. II and III within the appropriate‘contexts. In Chap. 9 (Plasma
Physics) I had to make choices as to which to &e of sufficiently general
nature to appear in Vol. I; some specific topics (eg:; instability of axisymmetric
systems with magnetic fields, alpha effect, and dynamos) will appear in the rel-
evant chapters of Vols. II and III. Chapt \&Gravnatlonal Dynamics) covers
the background needed for galactic dynamics, “globular cluster evolution, etc.
Chapter 11 is a compact introduction to general relativity and no previous fa-
miliarity with tensor analysis is assumed. Finally, Chap. 12 deals with aspects of
nuclear physics that are needed in the study of stellar evolution.

Any one of these topics is fairly vast and often requires a full textbook to do
justice to it, whereas I have devoted approximately 60 pages to each of them!
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I would like to emphasise that such a crisp, condensed discussion is not only
possible but also constitutes a basic matter of policy in these volumes. After
all, the idea is to provide the student with the essence of several textbooks
in one place. It should be clear to lecturers that these material can be easily
regrouped to serve different graduate courses at different levels, especially when
complemented by other textbooks.

Because of the highly pedagogical nature of the material covered in Vol. I, I
have not given detailed references to original literature except on rare occasions
when a particular derivation is not available in standard textbooks. The annotated
list of references given at the end of the book cites several other textbooks
that I found very useful. Some of these books, of course, contain extensive
bibliographies and references to original literature. The selection of core books
cited here clearly reflects the personal bias of the author and I apologise to anyone
who feels that their work or contribution has been overlooked.

Several people have contributed to the making of these volumes and especially
to Vol. I. The idea for these volumes originated over a dinner with J.P. Ostriker in
late 1994, while I was visiting Princeton. I was lamenting to Jerry about the lack
of a comprehensive set of books covering all of theoretical astrophysics and Jerry
said, “Why don’t you write them?” He was very enthusiastic and supportive of |
the idea and gave extensive comments and suggestions on the original outline
produced in the next one week. I am grateful to him for the comments and}or\
the moral support that I needed to launch into such a project. I smcerely @p
the volumes do not disappoint him.

Adam Black of Cambridge University Press took up the proposal with hiS cbar—
acteristic enthusiasm and initiative; this is the third project on w bl%wprked
together and I thoroughly enjoyed it. I should also thank him f%lvB ing six
excellent (anonymous) referees for this proposal whose support@ld/comments
helped to mould the proper framework. @&\

Many of my friends and colleagues carried out the job oﬁ%hgxthe earlier
drafts and providing comments. Of these, M. Vivekanandhas;; ough most
of the book with meticulous care and has given extensive com ﬁ);lts Many other
colleagues, especially Roger Blandford, George Djorgpysgcy Peter Goldreich,
John Huchra, Donald Lynden-Bell, J.V. Narlikar, Nn@ananda Sterl Phinney,
and Douglas Richstone looked at the whole draft-and provided comments and
suggestions at different levels of detail. J.S. Bagla, Sai Iyer, Nissim Kanekar,
Ben Oppenheimer, K. Subramanian, S. Sankaranarayanan, and K. Srinivasan
gave detailed comments on selected chapters; the last two took pains to check
most of the derivations and algebraic expressions. I thank all of them for their
help. -

I have been visiting the Astronomy Department of Caltech during the past
several years and the work on this book has benefitted tremendously through my
discussions and interactions with the students and staff of the Caltech Astronomy
Department. I especially thank Roger Blandford, Peter Goldreich, Shri Kulkarni,

S
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Sterl Phinney, and Tony Readhead for several useful discussions and for sharing
with me their insights and experience in physics teaching.

This project would not have been possible but for the dedicated support from
Vasanthi Padmanabhan, who not only did the entire TEXing and formatting but
also produced most of the figures — often writing the necessary programs for the
same. I thank her for the help and look forward to receiving the same for the
next two volumes! I also thank Sunu Engineer who was resourceful in solving
several computer-related problems that cropped up periodically. It is a pleasure
to acknowledge the library and other research facilities available at the Inter-
University Centre for Astronomy and Astrophysics, which were useful in this
task.

T. Padmanabhan
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1

Order-of-Magnitude Astrophysics

1.1 Introduction

The subject of astrophysics involves the application of the laws of physics to
large macroscopic systems in order to understand their behaviour and predict
new phenomena. This approach is similar in spirit to the application of the laws
of physics in the study of, say, condensed-matter phenomena, except for the
following three significant differences:

-
A
(1) We have far less control over the external conditions and parameters in a@
trophysics than in, say, condensed-matter physics. It is not possible to stgd}7\\
systems under controlled conditions so that certain physical processes,ét&n:/)“
inate the behaviour. Identifying the causes of various observed phenomena
in astrophysics will require far greater reliance on statistical argumerl\ts\‘tﬁén
in laboratory physics. <
(2) The astrophysical systems of interest span a wide range of parameter space
and require inputs from several different branches of physics. Typically, the
densities can vary from 10725 gm cm™3 (interstellar medium) to 10'5 gm
cm™3 (neutron stars); temperatures from 2.7 K (microwigfl%kground ra-
diation) to 10° K (accreting x-ray sources) or even to 17615ﬁf —(€arly universe);
radiation from wavelengths of meters (radio waves){fd fractions of angstroms
(hard gamma rays); typical speeds of particles can gbuﬂ to 0.99¢ (relativis-
tic jets). Clearly we require inputs from quantum\-\xg;@hanical and relativistic
regimes as well as from more familiar classical physics.

(3) The primary source of information about [\fs%:%t astrophysical sources is
om: them. Therefore, to obtain a

the electromagnetic radiation detected %
ecessary to examine it in all the

complete picture about any source, it/is
wave bands. Because of technologi ;h mitations, it is often quite diffi-

cult to have uniform coverage across the entire electromagnetic spectrum.
Hence the information we have about the sources is often distorted or
incomplete.
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These considerations suggest that two aspects will be most important in the
study of different astrophysical systems. The first is the appreciation of the
different states in which bulk matter can exist under different conditions and
the dynamics of the matter governed by different equations of state. The sec-
ond is an understanding of different radiative processes that lead to the emis-
sion of photons, which act as prime carriers of information about astronomical
objects.

We shall be concerned with these and related topics in several chapters of this
book. The purpose of this introductory chapter is twofold: It will first provide —
in Sections (1.2) — (1.4) — a rapid overview of several physical processes at an
order-of-magnitude level and introduce the necessary concepts. Then we will
make an attempt to understand the existence of different astrophysical structures
from first principles to the extent possible. Implementing such a plan, of course,
has not been possible even in laboratory physics, and it is unlikely to succeed in
the case of astrophysics. At present, astrophysics does require a fair amount of
observational and phenomenological input, just like any other branch of applied
physics. Nevertheless, we will make such an attempt as it is useful in providing
the most basic and direct connection between physics and astrophysics.

1.2 Energy Scales of Physical Phenomena \\

Let us consider a system of N particles (N > 1), each of mass m, oc;;up
a spherical region of radius R. In dealing with the dynamics of such\g

collection of particles, it is useful to introduce the concept of pressure ex ted
by the system of particles as the momentum transferred per sec%@l toa
(fictitious) surface of unit area. The contribution to the rate of momentum transfer
(per unit area) from particles of energy ¢ is n(e)p(e) - v(e), whei‘én(e) denotes
the number of particles per unit volume with momentum p( @ ‘veloc1ty v(e).

We obtain the net pressure by averaging this expression over the angles defined
by p (or v) and summing over all values of the energy. Beca%se the momentum
and the velocity are parallel to each other, the vector @ pm uct p - v averages
to (1/3)pv (in three dimensions), giving

(1.1)

the particles. In that case € is
ith the relations

—-1/2
p=ymv, €=(y—Dmc? y= (1—C—2) , (1.2)

where € is the kinetic energy of the particle, the pressure can be expressed in the
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1 o] 2 2 2\ —1
P=—f n6(1+ me )(1+£) de. (1.3)
3 0 € €

In the nonrelativistic (NR) limit (with mc? > €), this gives Pyr & (2/3) (ne) =
(2/3)Unr, where Ung is the energy density (i.e., energy per unit volume) of the
particles. In the relativistic case (with € 3> mc? or when the particles are mass-
less), the corresponding expression is Pgr & (1/3) (ne) =(1/3)Unr. Hence, in
general, P &~ U up to a factor of order unity.

This result can be converted into a more useful form of equation of state
whenever the mean free path of the particles in the system is small compared
with the length scales over which the physical parameters of the system change
significantly. Then the pressure can be expressed in terms of density and tempe-
rature if the energy density can be expressed in terms of these variables. This is
possible in several contexts leading to different equations of state. To understand
each of these cases it is useful to start by identifying the characteristic energy
scales of bulk matter. We now turn to this task.

form

NS
( N

/:
1.2.1 Rest-Mass Energy @

We can associate the rest-mass energy mc? with each individual particl bf
mass m. In normal matter, made up of nucleons and electrons, the lowest value’’
for rest-mass is prov1ded by electrons with m.c?~0.5 MeV. For nucleags,@
rest-mass energy is m ,c? ~ 1 GeV. Because the total mass of the system is %ostly
due to the nucleons, the total rest-mass energy will be Eppass = N %

where Am , > m is the mass of each nucleus and Nm = M is the tms of the
system. Rest-mass energy is extensive — that is, Epass X N — m I:Eg:ldw-energy
phenomena in which masses of individual nuclei do not chas ge. )

b

Y ——
1.2.2 Atomic Binding Energles\/ \ \
If the particles of the system have internal structure ol cular, atomic, nuclear,
etc.) then we get further energy scales that are ch %I‘ISUC of the interactions.
The simplest is the atomic binding energy of a s molecules, which arises
from the electromagnetic coupling between the: rticles.

The Hamiltonian describing an electron, moving in the Coulomb field of a
nucleus of charge Zg, is given by Hy =} 2/ [2me) — (Zg?/r). If this electron
is described by a wave function v (x, L \w ere L denotes the characteristic
scale over which v varies significantly, then the expectation value for the en-
ergy of the electron in this state is E(L) = (V| Ho|¥) =~ (h%/2m.L*) — (Zq*/L).
The first term arises from the fact that (y|p?|v) = —h? (¥ |V2|y) =~ (B%/L?),
which is equivalent to the uncertainty principle stated in the form p =#/L. This
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expression for E(L) reaches a minimum value of Epjp, = —Z 2¢, when L is var-
ied, with the minimum occurring at Ly, = (ap/Z), where
hz Xe m6q4

15 2
- —;~052x 1078 € = o =§oz m.c” ~ 13.6 €V,
(1.4

with the definitions x, = (fi/m.c) and a = (¢ /Ac). ap and €, correspond to the
size and the ground-state energy of a hydrogen atom with Z =1. The wave-
length A corresponding to €, is A = (hc/€,) = 2a 2k, =~ 103A and lies in the UV
band. The fine-structure constant o ~ 7.3 x 1073 plays an important role in the
structure of matter and arises as the ratio between several interesting variables:

o = (v/Zc) = (2up/qao) = (ro/x.) = (X/ao),

where v is the speed of an electron in the atom, upg =(gh/2m.c) is the Bohr
magneton representing the magnetic moment of the electron, and ro = (g%/m.c?)
is called the classical electron radius.

When atoms of size ag are closely packed, the number density of atoms is
Nolid & (2ag) > ~ 10%* cm—3. The binding energy of such a solid arises essen-
tially because of the residual electromagnetic force between the atoms, and the /-

ap =

.

typical binding energy per particle is fe, with f = (0.1-1). @

1.2.3 Molecular Binding Energy 7\ //

The simplest molecular structure consists of two atoms bound to eacthhcr in
the form of a diatomic molecule. The effective potential energ gf%;@ctlon
U(r) between the atoms in such a molecule arises from a resid ostatic
coupling and has a minimum at a separation r 2 ay, approxxm%e size of
the atom. The depth of the potential well at the minimum is-c pafrable with
the electronic-energy level ¢, of the atom. In addition to thcﬂr%r%jl electronic,

binding energies of the atoms comprising the molecule, there are two other
contributions to the energy of a diatomic molecule: i~ \\ \

(1) The atoms of such a molecule can vibrate at somé&hézfacterlstm frequency
wyip about the mean position along the line connecting them; this will lead
to vibrational-energy levels separated by Evit wyip- If the displacement

is ~ap from the minimum, the vibrationalg; Eyip will be ~¢,. Writing
€, ~(1 /2);La)vlba0 =n?/ meao), where tt-is the reduced mass of the two
atoms, we get =

Evip = hayip ~

ifpu~mp.

N
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(2) The molecule can also rotate about ar: axis perpendicular to the line joining
them. If the rotational angular momentum is J, this will contribute an energy
of approximately

J? h?
Eot ™ (7) ~ (_2) ~ (’"—)e ~ 1073, ~1072eV  (1.6)
nag Hay M

if J~h and w>~m,. It follows from these relations that Eo:Eyip:Eg~
(me/w):(me/w)/?:1 and Eyip, & /€, Eror. Because (m,/w) ~ 1073, the wave-
lengths of radiation from vibrational transitions are ~40 times larger than
those of electronic transitions; similarly, the rotational transitions lead to rad-
iation with wavelengths ~1000 times larger than those of electronic transi-
tions. These wavelengths are usually in the IR band.

Atomic and molecular energies are also extensive, with the binding energy of
a system of N particles scaling as N.

1.2.4 Nuclear-Energy Scales _
\/’ N
Atomic nuclei are bound by the strong-interaction force that provides a binding‘f“ N
energy per particle of ~8 MeV, which is the characteristic scale for nuclcaix
energy levels. In the astrophysical context, a more relevant energy scale Ignthé\‘
one at which nuclear reactions can be triggered in bulk matter, whicl;//cahbé/
estimated as follows. For two protons to fuse together while undergd@gﬁ‘u-
clear reaction, it is necessary that they be brought within the range of attrQEiétive
nuclear force, which is approximately [ ~ (h/m,c) = (2nh/m p%se this
requires overcoming the Coloumb repulsion, such direct interaction-can take
place only if the kinetic energy of colliding particles is of the(prﬂ%ﬁf the elec-
trostatic potential energy at the separation /. This requires ¢ “ergjg‘s‘ of the order
of e ~(g?/1)=(a/2m)mpc* ~ 1 MeV. It is, however, pgsﬁM nuclear re-
actions to occur through quantum-mechanical tunnelin 1{'1'}§n the de Broglie
wavelength Ageg = (h/mpv) =I(c/v) of the two protfoils\o‘wérlap. This occurs
when the energy of the protons is approximately €pye1 ~ (@?/272)m ,c? = 1 ke V.
It is conventional to write this expression as €nyel 2mpc?, with n~0.1.
This quantity en,; sets the scale for triggering nycr eactions in astrophysical
contexts. }

In the nonrelativistic, Newtonian theorjl% gravity, the gravitational energy of
a system of size R and mass M will be Egp,y ~ GM?/R~ (Gmf) /R)N?. This
is not extensive with respect to N (for a given R), and the potential energy per
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particle varies as

_ Egray Gm:z)? am ' 2 A72/3..1/3
€ = N =< R N = 3 Gmy,N“"n/7, 1.7

where n = (3N /47 R?) is the number density of particles. The pressure due to
gravitational force near the center of the object will be approximately

L (47 R?) 3\ 3 p 3\ v )

If the gravitational potential energy is comparable with the rest-mass energy
of the system, it is necessary to take general relativistic effects into account. The
1atio Rem = (Egrav/ Emass) 1S Rgm ~0.7(M /1033 gm) (R /1 km)~!, which shows
that if massive objects (with M ~ 103> gm) are confined to small regions (with
R =~ 1 km), the system will exhibit general relativistic effects. When this ratio is
small compared with unity, the system can be treated by Newtonian gravity.

1.2.6 Thermal and Degeneracy Energies of Particles \
N
So far we have not introduced the notion of Temperature or the kinetic ener %
of the particle. These attributes bring in the next set of energy scales into the\

problem. For a particle of momentum p and mass m, the kinetic energy is glVBQb?

22
e=\/Pc2+mc4—-mc2={ /2m (p<<mc)m \\ﬂ/8)
pc (p > mc)

where the two forms are applicable in the non-relativistic (NR()*
relativistic (ER) limits. The behaviour of the system depends on tme\oygm of the
momentum distribution of the particles. @\
The familiar situation is the one in which short-range 1Mons (usually
called ‘collisions’) between the particles effectively exchz the energy so as
to randomize the momentum distribution. This will haﬁpermf he effective mean
free path of the system [ is small compared with the length scale L at which
physical parameters change. (The explicit form taken by:the condition / < L can
be very different in different cases; this cond1t1o§£%\;cussed in detail towards
the end of this section.) When such a system is in steady state, we can assume that
the local thermodynamic equilibrium, char: &ged by a local temperature T,
exists in the system. Then the probability< for cupying a state with energy E
will scale as P(E) oc exp[—(E/kpT)]..The typlcal momentum of the particle
when the temperature is T is given by E XIIS) with € ~kgT, that is,

N [ZkBT (kBT)2:| 2[(2kaT)1/2 (kzT < mc?;, NR)

=mc :
p mc? mc? (kgT/c) (kT > mc?; ER)

(1.9)
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In this case, the momentum and the kinetic energy of the particles vanish when
T — 0.

The situation is actually more complicated for material particles like electrons.
The mean energy of a system of electrons will not vanish even at zero temperature
because electrons obey the Pauli exclusion principle, which requires that the
maximum number of electrons that can occupy any quantum state be two, one
with spin up and another with spin down. Because the uncertainty principle
requires that Ax Apy 2 h, we can associate (d>xd> p)/(2mh)® microstates with
a phase-space volume d>x d> p. Therefore the number of quantum states with
momentum less than p is [V (4 p3/3)/(27h)3], where V is the spatial volume
available for the system. The lowest energy state will be the one in which the
N electrons fill all levels up to some momentum ppr, called Fermi momentum.
This requires that

3 3
n=<ﬁ)_2(4ﬂpp/3) 1 (p_p)’ (1.10)

v) T erny T 32\ n

giving pr = h(37%n)'/3. It is obvious that if pr X mc the system must be treated

as relativistic, even in the zero-temperature limit. The energy corresponding to

pr will be Al
N

2 2
Pr h 2 \2/3
FE _ (2 )3 R 7N\
€F =/ p3c2 + m2ct — me* = {2m (2'")( i N - ( <11//‘

pre= (o)@37m)'  (ER) (o
o N
The quantity € (called the Fermi energy) sets the quantum-mecha{}gzggle of

the energy; quantum-mechanical effects will be dominant if € p%k% degen-
erate), and the classical theory will be valid for ep < kgT (nondé‘gg@, te). The
relevant ratio R = (€r/ kpT) that determines that the degree of d "g'éneracy is

2 1/ '
( €F )= me” [(h”1/3) G223 +1 ﬁl*y
kBT kBT mc (/\k’, ‘\\\\‘\S_
1
3 27\2/3
2( %)
(Br2)l/3 (E_nl/

kgT ) <
‘(g%\\(%mc)‘}’ (NR)and#n > (fi/mc) ™3
)

h2 n2/3 \\*//‘
m kBT)

(1.12)

where the two limiting forms are valid for
(ER), respectively. In the first case [n <( 3~ 103 cm3], the system is
nonrelativistic; it will also be degenerate-if R¢ = (€r/kpT)>> 1 and classical
if R < 1. The transition occurs at R~ 1, which corresponds to nT —3/2 =
[(mkp)*/?/h3]1=3.6 x10'® in cgs units. In the second case [n>> (fi/m.c)™3 ~
103! em=3; p=m,n > 10" gmcem™3], electrons have pr>»>m.c and are
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relativistic irrespective of temperature. The quantum effects will dominate ther-
mal effects if k3 T < (fic)n'/3, and we will have a relativistic, degenerate gas.

In general, the kinetic energy of the particle will have contributions from
the temperature as well as from Fermi energy. If we are interested in only
the asymptotic limits, we can take the total kinetic energy per particle to be
€ ®er(n)+ kpT. Note that such a system has a minimum energy Nefg(n) even
atT =0.

By using our general result P >~ ne [see Eq. (1.3)], we can obtain the equation
of state for the different cases discussed above. First, for a quantum-mechanical
gas of fermionic particles with kg T < € and € = €, it follows from Eq. (1.11)
that P >~ nep varies as the (5/3)rd power of density in the nonrelativistic case
and as the (4/3)rd power of density in the relativistic case. Whether the system
is relativistic or not is decided by the ratio (pr/mc) or — equivalently — the ratio
(er/mc?). The transition occurs atn = nrqQ~ (h/ mc) 3. Second, if the system is
classical with kg T > € sothate = kg T, then P >~ nkgT in both nonrelativistic
and extreme relativistic limits.

The energy scale of the individual particles also characterizes the energy
involved in the collisions between the particles. If this quantity is larger than the
binding energy of the atomic system, the atoms will be ionised and the electrons (-,
will be separated from the atoms. The familiar situation in which this happens is@
high temperatures with kg T X €, when the system will be made of free electrons.
and positively charged ions, whereas, if kgT < €4, the system will be n@i\gaj)/”

The transition temperature at which nearly half the number of atoms arq:(iii;lis;éa
occurs around kg T & (€,/10), which is ~10* K for hydrogen. For 7 3> 104K,
the kinetic energy of the free electrons in the hydrogen plasma '%@B T.

The electrons can be stripped off the atoms in another different context. This
occurs if the matter density is so high that the atoms are pagkég{\\gl@ée to each
other, with the electrons forming a common pool with €r X {{.’h}\iﬁis case, the
electrons will be quantum mechanical and the relevant erigrg\yzéale for them
will be €. The temperature does not enter into the pictuf&ff K €p, and we
may call this a zero-temperature plasma. Conventional‘lféimh« systems are called
degenerate. For normal metals in the laboratory the Fermi energy is comparable
with the binding energy within an order of magnitude. If the temperature is below
10* K, the properties of the system are essentially-governed by Fermi energy.

In the derivation of P in Eq. (1.3) it is assumed that the the gas is ideal, i.e.,
the mutual interaction energy of the particles is small compared with the kinetic
energy. To treat a plasma as ideal, it is n éeés%g} that the Coulomb interaction
energy of ions and electrons be negligible. The typical Coulomb potential energy
between the ions and the electrons inthe plasma is given by ecou ~ Zg?n'/3. If
the classical high-temperature plasma is to be treated as an ideal gas, this energy
should be small compared with the energy scale of the particle € ~ kg T, which
requires the condition n7 3 « (kg/Zq?)> ~2.2 x 108Z~3 in cgs units. On the
other hand, to treat the high-density quantum gas as ideal, we should require that
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the Coulomb energy ecou = Zg*n'/3 be small compared with the Fermi energy
er ~ (2 /2m)n*/3. The condition now becomes n >> 8 Z3a, > ~ Z3 x 10?6 cm—>.
Note that such a system becomes more ideal at higher densities; this is because
the Fermi energy rises faster than the Coulomb energy.

Let us now go back to the tacit assumption we made in the above analysis,
viz., that physical interactions between the particles of the system are capable
of maintaining the thermal equilibrium. Determining the precise condition that
will ensure this is not a simple task; but — naively — we would require that (1) the
mean free path for particles, I = (no)~! based on a relevant scattering process
governed by a cross section o, be small compared with the scale L over which
various parameters change significantly, and (2) that the mean time between col-
lisions T = (nvo)~! be small compared with the time scale over which physical
parameters change.

To apply this condition we need to know the relevant mean free path for the
system. For a neutral gas of molecules, this is essentially determined by molecu-
lar collisions with 0y ~ a3 ~ 8.5 x 10717 cm? and I = (ng()~'. The time scale
for the establishment of a Maxwellian distribution of velocities will be approxi-

matelly They ~1/v xn —17-1/2_ For an ionized classical gas, the cross section for p

scattering is decided by Coulomb interaction between charged particles. Because—
an ionized plasma is made of electrons and ions with vastly different inertia, t
interparticle collisions can take different time scales to produce thermal equﬂl\
brium between electrons, between ions, and between electrons and ions. Ea&@oﬁ D)
these needs to be discussed separately. \ )
The typical impact parameter between two electrons is b~ (2Zg> 77\71 {/2),
where v is the typical velocity of an electron. The correspondin
cross section is

Zg®\? 1
C"coul"’\"-’7Tl72"’\"-'JT< 9 ) —4% 10_20cm2 ZZ<

me

ffﬁ —

and the mean free path varies as [ = (norcoul) (o' (TZ/MNTée mean free time
between the electron—electron scattering will be Tee ¥ "«Q@cw)‘ where n is the
number density of electrons and o ~ wb?. This gi S Toe (m2v3 /21 Z2q*n),
which is the leading dependence. (A more prec15e% is changes the numerical
coefficient and 1ntroduces an extra logarithmic fac see Chap. 9.)

Note that T ocm?v3 o T3/2m!/2 at a giventemperature T o< (1/2)mv?. There-
fore the ion—ion collision time scale 7, will be larger by the factor (m ,/m,)!/2 >~
43, giving Tpp = (mp/m) 2 1ee =~ 43750

The time scale for significant transfer of energy between electrons and ions
is still larger because of the following fact. When two particles (of unequal
mass) scatter off each other, there is no energy exchange in the centre-of-mass
frame. In the case of ions and electrons, the centre-of-mass frame differs from
the lab frame only by a velocity vom = (m./mp)'/?v, < v,. Because there is

l-#

S
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no energy exchange in the centre-of-mass frame, the maximum energy transfer
in the lab frame (which occurs for a head-on collision) is approximately AE =
(1/2)m p(2vem)? = 2m pv2, > 2m, V2 »» giving [AE/(1/2)mpvf;] ~(me/mp) K 1.
Therefore it takes (m,/ me) times more collisions to produce equilibrium be-
tween electrons and ions, that is, the time scale for electron—ion collision is
Tpe = (M p/M)Tee = 18367,,. The plasma will relax to a Maxwellian distribu-
tion in this time scale.

Finally, it must be noted that in a high-temperature tenuous plasma, this mean
free path can become larger than the size of the system. If that happens, it
is necessary to check whether there are any other physical processes that can
provide an effective mean free path that is lower. Most astrophysical plasmas
host magnetic fields that make the charged particles spiral around the magnetic-
field lines. We can estimate the typical radius of a spiraling charged particle in a
magnetic field by equating the centrifugal force (mv?/r) to the magnetic force
(quB/c). This leads to a radius called the Larmor radius, given by

r. = (mcv/gB) = 13 ecm (T/10° K)/3(B/1 G) ™!

in a thermal plasma. When the Larmor radius is small, it can act as the effec- /.
tive mean free path for the scattering of charged particles. The ratio betweexi >
the mean free path from Coulomb collisions [/ &< (T?/n)] and the Larmor rﬁx\
dius [rz o< (T'/2/B)] varies as (BT*?/n) and can be large in tenuous high-=\
temperature plasmas with strong magnetic fields. This ratio is unity for a/crﬁcal//
magnetic field: N

N n‘
T \ 32 " &Q
B.=10""G - — 14
(105 K) (1 cm—3> M9

The magnetic field in most astrophysical plasmas will be la;‘gei\\fhdn B., and
hence this effect will be important. A

o\
1.3 Classical Radiative Proce{sfs\ ‘ \

We next turn to the question of gathering informati about/{he cosmic structures
from the radiation received from them. To relate the ir rmation received through
the electromagnetic waves to the properties of the em itt ng system, it is necessary
to understand the process of electromagneti sr\dlatlon from different systems
and the nature of the spectrum emitted by eac
In classical electromagnetic theory, radiation is emitted by any charged particle
that is in accelerated motion. A detailec % ment given in Chap. 3 shows that
the total amount of energy radiated per sec d in all directions by a particle with

charge ¢ moving with acceleration a is given by

d€ 2q 2
dar33¢

: (1.15)
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provided the acceleration is measured in the frame in which the particle is instan-
teneously at rest. The rate of energy emission, of course, is independent of the
frame used to define it. This result is called Larmor’s formula and can be used
to understand a host of classical electromagnetic phenomena. Because d = (gx)
is the dipole moment related to an isolated charge located at position Xx, this
formula shows that the total power radiated is proportional to the square of d. In
bounded motion, if d varies at frequency w (so that d = —w?d), then the energy
radiated is given by

d€  2d° A

1.16
dt 3c ( )

Different physical phenomena are essentially characterised by different sources
of acceleration in Eq. (1.15) for the charged particle. Let us consider two specific
examples.

1.3.1 Thermal Bremsstrahlung

As a first example consider a scattering between an electron of mass m, and a | \\
proton, with an impact parameter b and relative velocity v in a hydrogen plasm \
The acceleration of the electron is a & (¢%/m.b?) and lasts for a time (b vj\x
Such an encounter will result in the radiation of energy £ ~ (¢%a?/ c3)(b/ vlw )
(q8/S3m2bPv) = (¢On; [c3mPv), as ban] "/ 13 on the average. The total/erfeggy
radiated per unit volume will be n.£. Because each collision lasts for a-time

(b/v), there will be very little radiation at frequencies greater v/b). For
w < (v/b), we may take the energy emitted per unit frequency inte% nearly
constant. Further, in the case of plasma in thermal equilibrium, v _\(&B " me)l/2.
Putting all these together, we get

dE 6 L\ 2
jws( o | n nen; & n*T~ 1ﬁ {for
dwdtdV m2c3 J\ksT N 2\
1.
. // (1.17)
This process is called thermal bremsstrahlung. Th n@strahlung spectrum is
flat for 0 < w < (kg T /h) and will fall rapidly for T /h), where the upper

limit comes from the fact that an electron witha al energy of (kpT') cannot
emit photons with energy higher than kg T /A %otal energy radiated, over all
frequencies, from such a plasma can be found by integration of this expression
over w in the range (0, kg T /h). This gives .

LN

d€ (ksT/h) A& \~ q° mekpT 172
= / dw ~ Neh;j.
dtdv 0 dodtdV m2c3 h?

(1.18)
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1.3.2 Synchrotron Radiation

Another major source of acceleration for charged particles is the magnetic fields
hosted by plasmas. This process, called synchrotron radiation, can be estimated
as follows: Consider an electron moving with velocity v in a magnetic field B.
To use Eq. (1.15) we need to estimate the acceleration in the instantaneous rest
frame of the particle. In that frame, the magnetic force (¢/c)[v x B] is zero, but
the magnetic field in the lab frame will lead to an electric field of magnitude
E’ >~y B (see Chap. 3) in the instantaneous rest frame of the charge, inducing an
acceleration a’ = (¢E’/m,). Accelerated by this field, the charged particle will
radiate energy at the rate (which is the same in the rest frame and in the lab frame)

d& d&’ 2q 2q q* 5.,

The power radiated by an electron of energy € = ymec2 is (d&/dt) «x €? B?. Fur-
ther, the energy density in the magnetic field is U = (B?/87); hence we can write

dg\ 16n 2
(dt ) 3 (mec2) yicUg ~ (orcUp)y?, (120) ~
f//' \
where or = (87/3)(q?/m.c?)? is called the Thomson scattering cross section: N
For a nonrelativistic particle spiralling in a magnetic field, the characteristic \
angular frequency is w = (rr/v) = (¢B/me.c). For relativistic motion wph;&n//
stant v?, the effective mass is m.(1 —v?/c*)~2=m,y, so that the! aggﬁar
frequency becomes w = (qB/mcy)=(qcB/¢) for a particle of

2)2

magnetic field of strength B; the synchrotron radiation from an: rela-
tivistic particle will peak at the frequency (@
N

~ wy® o By® o Be?, (2D

AN /H
where the extra factor y> arises from special relat1v1stlc[eff%%ee Chap. 3).
One factor of y arises from time dilation; the other fgctego}? y~ arises from a
Doppler factor [1 — (v/c)]~! ~2y? in the v — ¢ limit,' )

The total radiation emitted from a bunch of particles wﬂl I;e jo o (B2€X)[n(e)]
(de/dw), where the first factor, B2€2, is the energy emitted by a single particle,
the second factor is the number of particles with energy e, and the last factor is
the Jacobian (de /dw) oc €' ox w™!/2 from € to w. If the spectrum of particles is
a power law n(e) = Ce™?, then the radlatlgn ec rum will be

(1.22)

. el 3e
b mec? \ 4wm3c’
where we have reintroduced all the constants. (A more precise calculation mul-

tiplies the expression by a p-dependent factor, which is ~0.1.) This leads to a
power-law spectrum, j, cxv™* witha =(p — 1)/2.
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1.4 Radiative Processes in Quantum Theory

The radiation field in quantum theory is described in terms of photons, and
the emission or absorption of radiation arises when a physical system makes the
transition from one energy level to another. We have already determined the main
energy levels of atoms and molecules in Subsection 1.2.2. The transition between
these energy levels in an atom will correspond to photon energies upwards of
few electron volts, and the corresponding wavelength will be in optical and UV
bands in most of the cases.

This estimate of atomic-energy levels was, however, based on the simple form
of the Hamiltonian for the electron in an atom. The actual Hamiltonian is a lot
more complicated than Hy used in Subsection 1.2.2. The corrections to Hy lead
to splitting of the original energy levels and allow emission of photons of widely
different frequencies by the atomic system. We now consider these corrections.

1.4.1 Fine Structure and Hyperfine Structure

The Hamiltonian for an electron in a hydrogen atom can be expressed as a sum,
H = Hy+ Hyel + Hsp_or + Hgp—sp, Where Hy = (p%/2m,) — (Zq?*/r)is the orlg-
inal (zeroth-order) Hamiltonian and the rest are lowest-order corrections. The !

first correction Hy = —(p*/8m3c?) is the relativistic correction to the kmet&\
.

energy p?/2m, that arises as the second term in the Taylor series expansion-of
€(p) in Eq. (1.8); the correction Hg,_ arises from the coupling betweerq:he/
spin magnetic moment of the electron u, >~ (gh/2m,.c) and the magne{fc field
B=(v/c)E = (v/c)(Zq/r?) in the instantaneous rest frame of the&lectrbn,ﬁb-
tained by transformation of the Coulomb field. This should hawv agnitude

Zg* hv Zq?
2r2 m, 2 m2c?r3

=

\
a. s), ) (1.23)
\\

Hsp—or =uB =

N
where 1 and s are the orbital and the spin angular moménta o; the electron.

The actual result is half of this value where the extra ‘factgr ariSes due to a
phenomenon called Thomas precession, to be dlscusse(ff n Chap.
The next correction,

3, exercise 3.4.

(1.24)

(1.25)
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